Prepared for submission to JHEP 



Hydrodynamics of a 5D Einstein-dilaton black hole 
solution and the corresponding BPS state 



Song He, a Ya-Peng Hu, b Jian-Hui Zhang 6 

a Key Laboratory of Frontiers in Theoretical Physics, Institute of Theoretical Physics, Chinese 
Academy of Sciences, Beijing, PRC 

b Center for High-Energy Physics, Peking University, Beijing 100871, China 
E-mail: hesong@itp.ac.cn, huyp@pku.edu.cn, zhangjianhui@gmail.com 

Abstract: We apply the potential reconstruction approach to generate a series of asymp- 
totically AdS (aAdS) black hole solutions, with a self-interacting bulk scalar field. Based 
on the method, we reproduce the pure AdS solution as a consistency check and we also 
generate a simple analytic 5D black hole solution. We then study various aspects of this 
solution, such as temperature, entropy density and conserved charges. Furthermore, we 
study the hydrodynamics of this black hole solution in the framework of fluid/gravity du- 
ality, e.g. the ratio of the shear viscosity to the entropy density. In a degenerate case 
of the 5D black hole solution, we find that the c function decreases monotonically from 
UV to IR as expected. Finally, we investigate the stability of the degenerate solution by 
studying the bosonic functional energy of the gravity and the Witten-Nester energy Eyy^. 
We confirm that the degenerate solution is a BPS domain wall solution. The corresponding 
superpotential and the solution of the killing spinor equation are found explicitly. 
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1 Introduction 

Five-dimensional black hole solutions of Einstein gravity coupled to dilaton field have 
been an avenue of intense research for many years. The gauge/gravity duality [1][2][3][4] 
promotes finding new kinds of solutions that are asymptotically AdS& (a AdS 5) in the UV 
region, which are very important in building models that can be used to describe the dual 
field theory. As we know, the vacuum solution with a negative cosmological constant is 
pure AdS, which is dual to JV = 4 super Yang-Mills (SYM) theory. It is valuable to 
find new solutions with asymptotical AdS behavior that may be dual to non-conformal 
field theory. Such new solutions will help extend the application of gauge/gravity duality. 
Asymptotically AdS solutions can be found for example in Refs.[5][6][7][8][9]. To describe 
phenomena in realistic field theories, one needs to break the conformal symmetry. A simple 
way to do this is to introduce a nontrivial dilaton. Motivated by this, we introduce a general 
framework to generate a series of new aAdS^ solutions from a bottom-up point of view. 

From the phenomenological perspective, introducing the scalar field and its self in- 
teraction to build up effective gravity background is fairly important for investigating 
phenomena in field theories via holography. For example, in holographic QCD (hQCD) 
communities, nontrivial dilaton potentials have been used to build dual hQCD models [10- 
12]. The authors of [11] [12] make contribution to building up 5D gravity background in 
graviton with minimally coupled dilaton system to describe the QCD phenomena. All the 
solutions they found are numerical. Their strategy is to fix the dilaton potential and then 
find the gravity solutions. Staring from the 10D string theory or supergravity, one can 
use various ways to reduce the theory to the 5D low energy effective gravity theory. After 
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a consistent truncation or reduction, there could be various versions of black holes with 
the scalar fields, such as one charge M = 4 black hole [13] [14] [15], N = 2* black hole[16], 
5D effective quenched background[17] of the Sakai-Sugimoto model [18]. It is a non-trivial 
task to find gravity solutions of these theories [19]. The procedure of solving the gravity 
background with fixing dilaton potential as in Refs [11] [12] is difficult, both analytically 
and numerically. Is it possible to reconstruct the whole background in an easy manner? 

Different from the logic of Refs [11] [12], a bottom-up approach known as the potential 
reconstruction approach [20] [21] is indeed a much easier way to obtain gravity solutions 
if the information of the metric is known well. Using this bottom-up approach, a new 
Schwarzschild-AdS black hole in five-dimensions coupled to a scalar field was discussed in 
[20], while dilatonic black hole solutions with a Gauss-Bonnet term in various dimensions 
were discussed in [23]. The new four dimensional gravity solution has been found in [24]. 

We will use the potential reconstruction approach to consistently work out the general 
5D gravity solution, which is valuable for studying the phase transition in thermal QCD 
phase diagram. In [21], the authors use this method to construct a semianalytical gravity 
solution to study the thermodynamical quantities, their results agree with the numerical 
results from recent studies in lattice QCD. The authors also study loop operators in field 
theory from gauge/gravity duality and the results are consistent with the lattice QCD 
calculation. Ref. [21] provides an excellent example of reconstructing a holographic model 
using the potential reconstruction approach. It is worthwhile pushing and extending this 
approach to reconstruct gravity solutions. 

In this paper, we extend the potential reconstruction approach and study various 
aspects of a 5D black hole solution generated by this approach. Motivated from under- 
standing the aAdS solution from gauge/gravity duality perspective, we have investigated 
the related properties of the solution. We first study the thermodynamic quantities of the 
solution. In studying the conserved charges associated with this solution we find several 
different subtractions rendering the action finite, which correspond to introducing differ- 
ent counterterms [25, 26] to the action. We show how the appropriate subtraction can be 
singled out by looking at a special limit of the solution. In order to understand the dual 
hydrodynamical properties containing dilaton field in the bulk, we also study the ratio 
of the shear viscosity to the entropy density from fluid/gravity duality perspective [27]. 
Our result is consistent with the lowest bound given by using the Green-Kubo formula 
from AdS/CFT [28-39]. To investigate the field theory dual to the background, we then 
focus on a degenerate case of the 5D black hole solution with V\ = and calculate the 
c functional] characterizing the holographic RG flow [43] [44] of the conformal anomaly. 
Finally, we discuss the stability of the degenerate solution from the bosonic functional en- 
ergy [45] and the Witten-Nester energy i?yi/Ar[46]. The superpotential for the degenerate 
solution has been figured out, which means that the solution is a BPS domain wall solution. 
From the Witten-Nester energy E\yn point of view, it is also a stable one. Furthermore, 
the solution of the killing spinor equation/ Witten equation has been given explicitly. From 
the results given in this paper, the new method of reconstructing gravity promotes us to 
do further studies in this direction. 

This paper is organized as follows. In Section 2 we briefly describe the effective ap- 
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proach to reconstruct the gravity background pointed out in Ref. [21]. All these gravity 
backgrounds satisfy the asymptotical AdS boundary condition near the UV region. We 
will point out two strategies to realize the reconstruction and comment on the approach. 
In Sections 3 and 4 we calculate, for a simple 5D black hole solution, the relevant thermo- 
dynamic quantities such as the temperature, the entropy and the conserved charges, where 
we also introduce the counterterm rendering the black hole energy finite in Section 4. In 
Section 5, we use the fluid/gravity duality to investigate the ratio of the shear viscosity 
to the black hole entropy density. In section 6, motivated from studies on the holographic 
RG flow of the conformal anomaly in an aAdS solution, we calculate the c function for the 
degenerate case of the 5D black hole solution and find that it decreases monotonically from 
UV to IR. In Section 7, in order to test the stability of the degenerate aAdS solution, we 
use the standard way to investigate the superpotential and work out the solution of the 
killing spinor equation. Section 8 is devoted for conclusion and discussions. 

2 Generating black hole solution for Einstein-dilaton system 

We start from the minimal non-critical 5D effective gravity action in the string frame [21]: 



where G5 is the 5D Newton constant, g s and Vg(0) are the determinant of the 5D metric 
and the dilaton potential in the string frame, respectively. We will list relations between 
geometrical quantities in the string frame and in the Einstein frame. One can easily link 
the two frames by using the following well-known relations. 

If the metric in the Einstein frame g^ u and in the string frame g^ v are connected by 
the scaling transformation 

9% = e-^gjL, (2-2) 

then the scalar curvature in the Einstein frame and in the string frame has the following 
exact relation 




(2.1) 



e~ 2n R s = R E — (D — 1){D - 2)5 M nS"n + 2(D - l)V 2 ft 



(2.3) 





The dilaton potentials in two different frames are related by 



v s (n) = v E (n) e 



(2.6) 
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By setting m = 3 and Q = — §</>, we have 
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Vs = V E e 3 



(2.7) 



and the following relation 



R E --d^d^-V E {ct>) 



Therefore, the action Eq.(2.1) becomes in the Einstein frame 

S 5D = J^r^r J d 5 xyf^ (r e - -d^t - V E (<f>)) . (2.9) 

We can write down the general ansatz in the string frame which is similar to holographic 
QCD models given by [12] 



ds 2 s 



2 a 2A s 



L 2 e 



-f(z)dt 2 



df_ 



+ dx l dx' 



(2.10) 



with L the radius of AdSs. The metric in the string frame is useful to calculate the loop 
operator in holographic QCD communities. To derive the Einstein equations and to study 
the thermodynamical quantities, we transform it to the Einstein frame 



A 2 ^ e 

ds E = 



dz 2 

-f(z)dt 2 + — r^r + dx l dx 
J \ z ) 



(2.11) 



The general Einstein equations and equation of motion of scalar from the action (2.9) 
take the form of 



1 F /4 



0. 



□( 



3dV E 



(2.12) 



Where □ is the d'Alembertian operator in curved space. By using Eqs (2.9) and (2.11), 
we can derive the following nontrivial Einstein equations in (t, t), (z, z) and (x\,xi) spaces, 
respectively 



b"(z) + 



cP'iz) 2 



b'(z)f'(z) , 2^ ,„ , 2 , b(zfV E (cP(z)) 



2f(z) 9 



+ -b{z)4>\zY + 



%'(z) 2 9b'(z)f(z) 3b(zyV E (<P(z)) 



b{zY 4b(z)f(z) 



4/(z) 



0. 



0. 



(2.13) 
(2.14) 



f(z) + 6jmm + 67(|p + 4 f{z)Az)2 + b{zfvMz)) = 0) (2 . 15) 



where 6(2;) 



Le E 



and A B («) = A s (.z) - §0(z). 
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One should notice that the above three equations are not independent. There are 
only two independent functions, one can solve them from two of the three equations, and 
the third equation can be used to check the consistency of the solutions. To simplify the 
procedure of finding solution, one can use the following two equations without dilaton 
potential Ve 

<W + 4 W + l) - A>(*f - «g> - = 0, (2,6) 

/"W + /'W (3A',(z) - 2tf(z) " j) = 0. (2,7) 

These two equations can be obtained from (2.13)(2.14)(2.15) by canceling terms involving 
Ve- Eq.(2.16) is our starting point to find gravity solution. The EOM of the dilaton field 
is given explicitly as following 



3-V ? &z4> ) z 



o d * I „ 3 J " J d z( /> g B^Ve = 0. (2.18) 



Our first strategy of reconstructing the gravity background is using as an input the confor- 
mal factor A s (z) and determine the function <p(z). Having A s and 4>, we can solve for the 
unknown functions f(z) and Ve(z) from Eqs (2.16) and (2.18). The second strategy is to 
choose a special form for (f> and then determine the conformal factor A s from Eq. (2.16). 
The remaining steps is the same as in the first strategy. Therefore, one can use the two 
kinds of generating function A s , to reconstruct the gravity solution as we expect. Here 
we list the general formalism of generating gravity solution by using A s as an input. For 
the second strategy, we do not find general a formalism to generate solutions here. We 
should comment that it is also possible to find analytical or numerical solution by using 
the second strategy. 

Starting with a given geometric structure A s (z), we can derive the general solutions 
to the Einstein equations, which take the following form 

<f>(z) = <Po + 4>i / 5— dx + 







x 2 2 
3 f* e 2A °M f* y 2 e -2 A s {y)A' s {y) 2 dy 
2./o ^ 



+ JjlJL — 2 sKU ' " dx, (2.19) 



/(*) = /o + H (f x 3 e 2 ^~ 3A ^ dx^j , (2.20) 

V E {<P) = 11 

(z 2 f"(z) - 4f(z) (3z 2 <(z) - 2z 2 0"(z) + z 2 ct>'(zf + 3)) , (2.21) 

where <j>Q, 4>i, /o, /1 are constants of integration. As a consistency check, one can set A s = 0, 
4> is then found to be = </>o with 4>q a constant, 4>\ = is indicated by requiring a regular 
solution for (j). In terms of the (2.20), one can see the general system can reproduce the 
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pure AdSs vacuum solution if /o = 1 and f\ = 0. Plugging these values to Eq. (2.21), one 
can easily get the scalar potential = -^f , as one expects for the pure AdS$ case. 

From the results above, one can easily obtain various gravity solutions by putting an 
A s (z) into Eqs (2. 19) (2.20) (2.21) and imposing physical boundary conditions near UV and 
near IR region. Here we should point out that, in contrast to the ordinary procedure 
of finding the gravity solution after fixing the bulk potential V s or Ve, the framework 
motivated from the bottom-up point of view is good at producing lots of, and also helpful 
to reconstruct the gravity background. That is to say that one is able to extract suitable 
backgrounds to describe the phenomena on the field theory side. It is an efficient way 
of linking gravity and field theory. This approach will shed light on the application of 
gauge/gravity duality from a bottom-up viewpoint. 

Before ending this section, we will comment on this approach. One should note from 
the solution in Eqs (2.19) (2.20) (2.21) that the geometric parameters such as <po, <pi, /o, /i 
contribute to the dilaton potential Ve{4>o, (j>i, /o, fij- Changing these parameters in the 
potential Ve means that the theory is changed. In other words, different values of the 
parameters 4>o,(j)i, fo, fi in Ve correspond to different gravity theories. This is a main 
difference between this method and the ordinary procedure of finding the gravity solution 
with a fixed potential Ve- In some gravity solutions [21] [22] reconstructed by this method, 
it seems possible that these different theories can be linked by the same form of action 
with different values of parameters in Ve ■ The different values of parameters correspond to 
different configurations of bulk field and different potentials, therefore these theories are not 
equivalent to each other. For one simple solution given in Appendix A of Ref. [21], V\ ^ 
in f(z) can affect the form of potential through (2.21). For the dilaton potential with 
only a cosmological constant, there are two gravity solutions, the pure AdS§ solution and 
the AdS Schwarzschild black hole. This means different parameter /i is dual to different 
states of one gravity theory in this case. Once one constructs the gravity background, one 
should confirm that the potential Ve and A s (z), f(z) satisfy the constraints from other 
physical considerations, e.g. the Breitenlohner-Freedman (BF) bound of scalar field near 
AdS boundary, the finiteness of the action, a well-defined boundary of the system and so 
forth. In general, using this effective approach necessitates some physical checks to ensure 
that the solution is self-consistent. 



3 Black hole solution and thermodynamic quantities 

In this section, we just introduce a simple analytical gravity solution and then focus on 
the properties of the solution. If one is interested in other solutions, please refer to the 
appendix A of Ref. [21]. Before giving the 5D black hole solution generated by the above 
method from Eqs (2. 19) (2.20) (2.21), we present the relation of the geometric factors A s 
and Ae in the string frame and in the Einstein frame 

j2 p 2A s -^ / 7 2 

ds% = ~f(z)dt 2 + + dx*dx' 

z l V /(*) 
j2^2A E / dz 2 



f(z)dt 2 + ^— + dx l dx l ) (3.1) 



z 2 v w m 
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with A E (z) = A s {z) - 

We now give a simple analytical 5D black hole solution which is first obtained in 
Ref. [21] 



A E (z) = log 



z sinh(^-) 



/(*) 



3z 
W 

1 - ^(2 - 3cosh(— ) +cosh 3 (— )). 

3 Zq Zq 



(3.2) 



The non-trivial dilaton potential in Eq. (2.8) is given by 



v E {4>) 



16^1 sinh 6 (f ) + 9sinh 2 (^) + 12 
L 2 " : 



(3.3) 



where zq is an integration constant and V\ is the constant parametrizing the dilaton po- 
tential. The special solution with V± = thus f(z) = 1 is a degenerate aAdS solution 
without black hole, we will discuss it later and show that it corresponds to a BPS domain 
wall solution in the context of supergravity. 

We now discuss the relevant thermodynamic quantities for the black hole solution 
(3.2). The first thing is how to parameterize the Hawking temperature, which is defined as 

f f (z) 

^-^f- ■ A black-hole solution with a regular horizon is characterized by the existence of a 

surface z = z^ satisfying f(zh) = 0. The Euclidean version of the solution is defined only 
for < z < Zh, in order to avoid the conical singularity, the periodicity of the Euclidean 
time can be fixed by 

r — > t + 



47T 



i/'wr 

This determines the temperature of the solution as 



(3.4) 



4tt 



1 

47T 



V\ sinh 



V\ cosh 2 — sinh — 



Z Q Zq Zq 

where V\ can be expressed by the horizon of the black hole z^ as 



2 - 3cosh(^M + cosh 3 (^M 



(3.5) 



(3.6) 



Following the standard Bekenstein-Hawking formula [47] , one can easily read the black- 
hole entropy density s from the geometry given in Eq.(2.11), which is defined by the area 



A nren of the horizon as 



A n 



4G5V3 4G 5 



(3.7) 
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where G§ is the Newton constant in 5D curved space and V3 is the volume of the spatial 
directions. It is noticed that the entropy density is closely related to the metric in the 
Einstein frame. 

For later convenience, we set L = 1 and make the coordinate transformations z = 
l/r,ZQ = 1/ro- The metric (3.1) then becomes 

d S 2 = r 2 csch 2 (^) (-mdt' + ^^ + dxl), (3.8) 

Setting R = ro csch (77) , one has 

4 The conserved charges and counterterms 

In this section, we will calculate the conserved charges of the solution (3.9) by using the 
counterterm method [26]. This method is based on the Brown- York quasilocal stress tensor 
T ab which is first proposed in [25]. According to this method, for a d + 1 dimensional 
spacetime Ai with the boundary geometry dAi, the metric -fab on the boundary dAi can 
be written with the help of an ADM decomposition as 

~iabdx a dx b = -N^dt 2 + a ij (dx i + N^dt){dx j + N^dt), (4.1) 

where cr^ is the induced metric on the spacelike hypersurface £ of the boundary dAi, and 
is the lapse function related to the timelike normal vector u a of S as u a = (Jj) a /-/Vs, 
N^. is the shift vector field. Therefore, the conserved charge associated with the killing 
vector £ a is defined by the quasilocal stress tensor T a b as [25, 26, 48] 

Q e = |^ w ^KT/), (4.2) 

where a is the determinant of cry, the energy associated with the timelike killing vector £ a 
and the momentum could be defined respectively as 

E = [ d d ' 1 x^N s (u a T ab u b ), (4.3) 
is 

P i = f d d - l x^a ijUa Ti a . (4.4) 
is 

We have used a, b to denote indices on the boundary dAi, to avoid confusion from fi,u 
used in previous sections denoting indices in the d + 1 bulk spacetime Ai. i,j are indices 
on the spacelike hypersurface E. 

For the asymptotically AdS§ solution, the quasilocal stress tensor usually is [26] 

Tab = -^-(Oab ~ 9jab ~ 3j ab - G ab ), (4.5) 
(37T 

where Q a b = — ^(V a nf, + Vfen a ) is the extrinsic curvature of the boundary dA4, n a is the 
normal vector of dAi, and G a b is the Einstein tensor of 7 a &, and the last two terms in 
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(4.5) come from the counterterm action [26]. However, in our case in (3.9), we find that 
the quasilocal stress tensor (4.5) defined as above would be divergent, which is common in 
Einstein-dilaton gravity. There have been many references [49-51] attacking the issue of 
removing the divergence and achieving a well-defined quasilocal stress tensor. In our case 
(3.9), we found two renormalizations that remove the divergence. In the first scheme we 
have the following well-defined quasilocal stress tensor 

T ab = 7r(8 ab - e lab - (1 - -^Pha6 " G ab ), (4.6) 
07T 6 

while in the second 



Tab = ^-(Oab ~ lab ~ ("I + V-^T^ha* " G ab ). (4.7) 
07T V 3 

If one expands the contribution of two different counterterms in Eqs (4.6) and (4.7), one 
finds 

1_ -6- ~ 3+ 2l^ + 0( ^ ) ' 

- 1 + V — ~ 3+ 2l^-3W + 0( ^ ) - (48) 

Actually we can write a most general well-defined quasilocal stress tensor as 

T ab = ^-(9ab ~ Olab ~ X{<j)) lab - G ab ), (4.9) 

where X{cf)) is associated to the counterterm, and behaves as X{4>) — > 3+2^- + ^1 + 0(-^) 
as R goes to infinity (C4 is a constant), in order to achieve a finite T ab . The quasilocal 
stress tensor in Eq. (4.6) clearly corresponds to the minimal subtraction with C4 = 0. In 
terms of the general form of the stress tensor Eq. (4.9), the useful components of quasilocal 
stress tensor as R goes to infinity are 

_ (3 + 3Fi)rg + 8g 4 
** 8R 2 ' 

r.-r,-r„- fc±t^zjg. . (4 , 0) 

Where V3 is the volume of space including xi,X2,x^. Therefore, the energy of black hole 
solution (3.9) can be expressed as 

E = (3 + 3ViK + 8C V3 
8 

At first sight, the C4 term seems to introduce an ambiguity. However, as we will show in 
the next section, this ambiguity can actully be removed by looking at some special limit 
of our solution. 



-9- 



5 Hydrodynamics of dual boundary fluid via AdS/CFT correspondence 



In this section we study the hydrodynamics of the boundary fluid dual to the bulk gravita- 
tional solution (3.9), following the method proposed by Ref. [27]. In Ref. [27] the authors 
established a systematic way to map the hydrodynamic expansion of the boundary the- 
ory to the gradient expansion of the bulk gravity. One starts from a static black brane 
solution boosted along the translational invariant spatial directions, which corresponds to 
the boundary dynamics in global thermal equilibrium. The parameters characterizing the 
bulk solution such as the black hole temperature, velocities correspond precisely to the 
hydrodynamic degrees of freedom. To study the first order hydrodynamics, one moves 
away from the equilibrium by promoting the parameters to slowly-varying functions of the 
boundary coordinates, the original black brane solution no longer fulfills the equation of 
motion of the bulk gravity. An exact solution of the bulk gravity can be achieved only if 
the parameters now satisfy a set of equations of motion, which turn out to be the equations 
of the boundary fluid dynamics. In this way one establishes a one-to-one mapping between 
the bulk gravitational solution and the boundary fluid dynamics. 

To start with, we transform the metric in Eq. (3.9) into the Eddington-Finkelstein 
coordinates v = t + r* with dr* = — , ^ R „ 

ds 2 = -R 2 f(R)dv 2 + 2R dvdR + R 2 dx i dx i . (5.1) 
V R2 + r o 

Following the spirit of Ref. [27], we start from the boosted form of the above metric 

ds 2 = -R 2 f(R)(u a dx a ) 2 . 2R u a dx a dR + R 2 P ab dx a dx b (5.2) 

^R 2 + r 2 



with 



1-/3/ Jl-P. 



=^=, Pab = Vab + U a U b , (5.3) 



where x a = (v,Xi) denote the coordinates on the boundary, boost velocities ft 1 are con- 
stants, P ab is the projector onto spatial directions, and the indices in the boundary are 
raised and lowered with the Minkowski metric r\ a b- 

According to the procedure outlined above, we now lift the parameters in the metric 
in Eq. (5.2) to slowly-varying functions of x a . The metric no longer fulfills the equations 
of motion (2.12). To find the solutions, we can define the following quantities 

WW = iV " P^VeM - \d^Qu4>, (5-4) 
3 8Vf 

W = m--^f, (5.5, 

where vanishing of the RHS of Eqs (5.4) (5.5) will give the equations of motion (2.12). 
After lifting the parameters f3 l ,ro to functions of the boundary coordinates x a , Wn V and 
W are proportional to the derivatives of (3 l ,rQ. They give rise to the source terms on the 
LHS of (5.4) (5.5). We should introduce corrections to the metric and to the dilaton field, 
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such that these corrections compensate for the effect of the source terms W^^W. Then 
a solution of the bulk equations of motion can still be achieved. We will consider the 
derivative expansion to the first order. As usual, there exists a gauge redundancy in the 
metric. To eliminate this redundancy, we choose the background field gauge for the metric 
following Ref. [27]. Note that the background metric has a spatial SO(3) symmetry, it 
allows us to write the corrections to the metric in terms of the 50(3) scalar, vector and 
traceless symmetric tensor components. 
To the first order, we have 

dg{1) 2 = HK)_ dv 2 + 2 Rh(R) dvdR + 2 Jj(M dvdx i + R 2( t R) _ h(R)5 ij )dx i dx\ 

R A ^R 2 + r% Ri \ 3 ■> J 

cp {1) = a(R). (5.6) 

where h(R),k(R) are the scalar components, ji and atj(R) the vector and tensor compo- 
nents, respectively. a(R) corresponds to correction term of dilaton field. 

The equations of motion for the correction terms can be derived by requiring that the 
bulk equations of motion are fulfilled after adding the correction terms to the metric. We 
are interested in extracting the shear viscosity of the dual boundary fluid. For this purpose, 
we only need the solution for the non-diagonal components of the traceless symmetric tensor 
aij. The equation for such components aij{i ^ j) can be obtained by putting (5.6) into 
(5.4)(5.5), which reads 



c 2 {R)a^(R) + Cl (R)a' i:j (R) - 9(8^ + djfc) = (5.7) 



with 



- -IQflV, - 3^ + ffi + + ^ . ,5.8) 

K V R 2 + rfi 

Note that a.ij{R) has the following form 

aij (R) = a(R)(di^ + djPi - hijdk^), (5.9) 

where the tensor structure on the RHS is the traceless symmetric tensor structure con- 
structed from the derivative of fy. 

Solving Eq. (5.7), we find the following asymptotic form for a(R) 

1 r[*2 ~,3 

The equations for the remaining correction terms in Eq. (5.6) are rather lengthy, we do not 
list those equations here, but we give the asymptotic form of those remaining correction 
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terms for completeness 

«(*)~(4-H)(^+^)+^). 

<<«>~(-^lW^>+^). 

M^) 3 Rr {r di(3 + 2<Vo) - — ^ + ^i^)' 

O XI 

where in obtaining these results and the asymptotic form of we have used the same 
boundary conditions and gauge choice as in Refs. [27, 52, 53], e.g. non-deformation of the 
field theory metric and working in the Landau frame. 

Having the results for the correction terms, we can derive the boundary stress tensor 
from the corrected metric. This can be done by varying the total action with respect to 
the boundary metric ^y ab . From (4.9), the boundary stress tensor is given by 

T ab = ^-(0ab ~ lab - X{cf>) lab - Gab). (5.12) 

Note that the background metric upon which the dual field theory resides is h ab = 
lim/2_ s . 0O jpjab, which is the Minkowski metric, the expectation value of the stress tensor 
of the dual fluid r ab can then be computed from [54] 

,afe . ^ _ i- / —,dbr 



V-hh ab < r bc >= lim ^ 7 ab T bc , (5.13) 

where T ab is the boundary stress tensor in Eq. (5.12). On the other hand, the stress tensor 
of the boundary fluid has the following form 

Tab = P(r]ab + u a u b ) + pu a u b - 2r](T a b, (5.14) 

where 

/ = ±P ac P bd {d c u d + d d u c ) - \p ab d c u c , 
p _ (-3 + V i y -8C 4 ^ 

p= (i±^k±^±. (5 . 15) 

8 

From the above equation it is clear that, to read off the shear viscosity 77, we need only 
the non-diagonal components of T ab , which give 

ll > - 16^ ' (5 ' 15j 

Thus from (5.13), (5.14) and (5.16), the shear viscosity can be read off 77 = r^/167r, and 
the ratio of the shear viscosity and the entropy density is 

3 _ ±^1 _ 1 (B.17) 
s rjj/A 47r 
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which agrees with the result obtained previously from other considerations [28, 29]. 

A few comments on the C4 term are in order. First of all, we do not include the 
bulk viscosity term in Eq. (5.14), since we have checked that it vanishes in our case for all 
choices of C4. It should be pointed out that this result is nontrivial, because usually the 
bulk viscosity term can appear when there is a dilaton field in the bulk. Whether the zero 
bulk viscosity is related to our special black hole solution (3.2) or to the special dilaton 
potential (3.3) is unclear at this stage, and deserves further studies. Second, the potential 
ambiguity related to the choice of C4 can be removed by investigating a special limit of 
our solution. Note that when vq = 0, our solution becomes pure AdS§. If one agrees that 
the energy-momentum of the field theory dual to pure AdS*, vanishes, e.g. as in Ref. [26], 
C4 has to be zero. This corresponds to the minimal subtraction. The trace of the energy- 
momentum tensor is then given by r = — <^-, which implies a nonzero conformal anomaly 
unless ro = 0, which is pure AdS. 



6 Degenerate aAdS, domain wall and the c-function 

Our purpose in this section is to show that the degenerate aAdS solution with V\ = is 
a domain wall solution, and to demonstrate a simple property of the bulk that translates 
via holography into a c-theorem [41] for the boundary theory. Based on the action (2.9), 
the general equations of motion [55] for graviton and scalar field are 

4 1 

Rftv = g0/>d I/ + ^9tMuV E (<p), (6.1) 

nJi 3 av E , ^ 

= 8 W (6 - 2) 

where we have used the fact R = ^(dcj)) 2 — |Ve(</>) to simplify the formula (2.12). In order 
to consider the holographic RG flow of conformal anomaly, we will discuss the c function 
[42], under the domain wall ansatz for convenience. Let us begin by making the domain 
wall ansatz [55] 

ds 2 = t ! »l'W(jU) + dr 2 
= uV{ ^ ) + J J_^. (6.3) 

with dilaton field 4>(r). An important aspect of the AdS/CFT correspondence is the notion 
that the radial coordinate U of AdS can be regarded as a measure of energy. In order 
to connect with our previous ansatz (2.11), we make the coordinate transformation as 
d r = _ Le e( ) ^ z an( j impose the condition B(r) = (Ae(z) — log(-£)). The new form of 
the Einstein-dilaton equations for the metric (6.3) can be reduced to the following form 

l2(d r B) 2 - ^{d^) 2 + V E {<p) = 0, (6.4) 
38?B + 6(8 r B) 2 + ^(d r cP) 2 + V E {4>) = 0, (6.5) 
d 2 (p + Ad r Bd r 4> - -VM = 0, (6.6) 
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where the prime indicates the differentiation with respect to <j>. One can use the coordinate 
transformation to reproduce the equations (2.13)(2.14)(2.15) as a consistency check. One 
should note that the above three equations are not independent, as in our previous case 
given in section 2. The above equations (6.4) (6.5) (6.6) imply the following simple exact 
relation 

Q2 B = -i(^) 2 

4 I ' Bz \ 2 4 / z \ 2 

= -nh-W = __f_£_a^ . (6.7) 



9 \dr ^ v 7 9L 2 

The c function proposed by the author of [42] is useful for studying the conformal anomaly 
in this system. In terms of the definition, the c function is a positive function of the coupling 
constants that is non-increasing along the RG flow from the UV region (U —> oo,z — >■ 0) 
to the IR region (U — > 0, z — > oo). The definition of the c function is [41] [43] [44] 



where T is the the trace of energy momentum tensor of dual field thery and 7 is the 
determinant of the metric on the boundary. The important thing is that once one has fixed 
^0 within a particular supergravity theory, the formula (6.8) gives a form for computing the 
anomaly coefficients in any conformal theory dual to an AdS vacuum of that supergravity 
theory. The sign of ^0 ensures that c € is a positive function. Now we consider a special 
spacetime (3.2) with V\ = which is asymptotic to AdS spaces for z — > or r — > 00. Here 
we can get that 

uJL v _ . 3V a2B 

du 




3L 2 coth\ 



(6.9) 



by using the function (6.7). It is easy to see that the ^(U) is a non-increasing function from 
UV to IR as expected for our special solution. Therefore, the boundary theory dual to the 
degenerate aAdS solution does not violate the c-theorem [44] in our case. Its monotonicity 
has been checked for the flows considered here. 



7 BPS domain wall 

In this section, we follow the well-known procedure [45] [55] to discuss the 5D gravity 
solution with V\ = and show that it is a BPS domain wall solution. We will introduce 
the bosonic differentiable functional by using Euler-Lagrange equation method to study 
the stability. In Lagrangian mechanics, evolution of a physical system is described by the 
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solutions to the Euler-Lagrange equation (equations of motion (6.1)(6.2)) for the action of 
the system. The Euler-Lagrange functional [45] is as below 



f-oo T p A E (z) 

E[A E ,4>] = I dz 







z 



z a 
a z 



L3 \Le A E( z ) 



z „ / . , z 



2 



- 12 li^) 5 4^- log yjJ +Ve \- w 

We just use the conformal frame ansatz (3.1) to write down the functional E. Note that 
we have restored the AdS radius L. One can differentiate with respect to Ae or <j) to 
obtain the equation of motion (6.5) (6.6) as a consistency check. The function (7.1) can 
be rewritten, a la Bogomol'nyi, as 

f°° t. p a e{z) ( 7 [a 7 / 7 \ 

E = j o dz — — | [j^^A T sVsW'Wf - 12[j^d z (A E - log (l )) ± 2W? 

±Q[e A E~^T)w}^ . (7. 

After introducing an auxiliary field W((f>) which is called superpotential later, the Einstein- 
dilaton equations can be replaced by the following first-order equations. Here we should 
require that the following equations hold 



z 



We just consider the degenerate solution given by taking V\ = in (3.2). Luckily we obtain 
a superpotential analytically from the above formula. The superpotential W(4>) is given 
by 

W (0) = cosh ^fj . (7.4) 
The result of [56] tells us that stability constrains the form of the scalar potential to be 



V E = 12 



-(w'm 2 -aw 2 



(7.5) 



where W{(f>) is the superpotential, which is an arbitrary function and the prime indicates 
the differentiation with respect to 4>. As a consistency check, one can plug (7.4) into (7.5) 
to obtain V E (</>)• If there exists a real solution of linear perturbation of (ft, it will define 
a bound of stability named as the BF bound [56]. Therefore the fact that the dilaton 
potential can be expressed as the form of (7.5) is equivalent to that mass of the scalar field 
does not violate the BF bound. 

Another possibility to obtain the first order equations (7.3) is to calculate the Witten- 
Nester energy [46]. From the Witten-Nester energy, one can obtain the same superpotential 
(7.4), as we will see below. 

The Witten-Nester positive energy theorem [46] is motivated by the fact that the 
Hamiltonian in supersymmetric theories is the square of supercharges. This implies that 
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there is an expression for the energy in terms of spinors and that the energy is positive 
definite. The construction below imitates the super symmetric argument but does not 
require supersymmetry. The spinor formalism of Witten and Nester provides a generalized 
"energy" E WN [44] [57] 



E W N= / *E, (7.6) 

JdT, 

where dT, is the 3D spatial hypersurface in the whole manifold and * corresponds to the 
hodge star in 3D space. The Witten-Nester spinorial energy E\yn [44] [57] is derived using 
the following antisymmetric tensor constructed from a spinor fields e 



E iw = gr^Vpe - VpeT^e (7.7) 

with 

V M = V M + W{4>)T^ (7.8) 

where V is the covariant derivative associated with the metric g and W(<p) the superpo- 
tential. T^ up is the 5D antisymmetric gamma matrix. Stokes theorem states that 



E WN = / dE^uE^. (7.9) 

Note that this step requires that the background and deformed solutions are non-singular. 
The singular case is beyond the scope of this paper. Readers interested in this issue may 
refer to [57]. Just imposing the convariant derivative on E\yn and making use of the 
equations of motion (6.1) (6.2), one can obtain that 

2M^ up ^ P - l^5 X (7.10) 



Ewn = / d£ M 



+iT »e ( -^M + 18(V WO* " W 



> 4 vr, 3 



with 



8% = V^e, (7.11 
, 2 

vi 



S X = AVV^ - 3\/3W'(0))e, (7.12) 



where W'{(p) = d^W . One can check that (7.10) is consistent with the result in [58]. Here 
we do not calculate the final result step by step, bu just list the most important formulas 
leading us to (7.10)(7.11)(7.12). 

In obtaing the above results we have used the following formula 



V^r^V.Me = -er^V^V.Me, (7.13) 

where w is the spin connection in curved space. The relation V^V^e = gi?^,r a je is 
helpful to realize (7.10), where //, u, p stand for the indices of curved space and a, b denote 
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the coordinates of local flat space. The right hand side of (7.13) can be expanded using 
the Clifford algebra and gives 



<e{r^}e + e{4i$r" - 2i?r^} e 

1 

2 



<e{r^}e + 4{it^ - -Rg^}eT,e, (7.14) 



where we just impose the covariant derivative on (7.7), and we used (7.14) to get the second 
term in (7.10). One can make use of Einstein equation to replace R^ p — ^Rg pp appearing 
in (7.14) to obtain (7.8). The first term in ( 7.14) will be canceled by er^V M V I/ (w)e 
automatically. Through straightforward calculation, one can get the the final form (7.10). 
The last term in (7.10) will be canceled, if we require that 

V E (cf>) = 36 (^W'^f - ^ 2 (0)) • (7.15) 

This constraint is consistent with the previous statement (7.5). Starting from (7.10), one 
can read out the Witten equation: 

(V M + rVW^))e = 0, (7.16) 

(r^-^'(0))e = O, (7.17) 

where W{(f>) is given by (7.4). The spinor solutions of (7.16) are the background Killing 
spinors similar to those given in [45] [58]: 

B(r) fl A e (z) 

e = e 2 eo = W — e 2 £o , 
re = e = T £ e , (7.18) 

where cq is a constant spinor which is chiral with respect to the radial component of r or 
z. In the last equation we have used the coordinate transformation dr = — Le g( - cfe. We 
confirm that our solution (3.2) with V\ = is a BPS one. For more complicated case, the 
authors of [59] have discussed the asymptotical solution of the killing spinor equation. 



8 Conclusion and discussion 

We apply the potential reconstruction approach to study the graviton coupled to dilaton 
system and generate 5D aAdS black hole solutions in a semi-analytical way. In our ap- 
proach, there are two scenarios to obtain the solution. The first is, we choose the special 
conformal factor A s or Ae and then determine the dilaton configuration c/)(z) from the tt 



-17- 



component of the Einstein equation. The black hole solution f{z) can subsequently be de- 
fined and the corresponding self- interacting potential V s {4>) or Ve{4>) then determined. In 
the second scenario, one chooses a dilation configuration (j){z) to define the conformal factor 
A s or Ae- The remaining steps of reconstructing the gravity background are the same as 
in the first scenario. We study the related properties of a simple 5D gravity solution (3.2) 
in the remaining part. 

We also investigate the hydrodynamics of the boundary fluid dual to our bulk gravita- 
tional solution, following the spirit of the fluid/gravity correspondence. We worked out the 
asymptotic behavior of the correction terms that need to be added to achieve an exact solu- 
tion of the bulk equation of motion after promoting the parameters of the original solution 
to slowly-varying functions of the boundary coordinates. In particular, we presented the 
asymptotic form of the SO (3) tensor components of the correction terms, which is useful 
for extracting the ratio of the shear viscosity to the entropy density of the boundary fluid. 
Another interesting observation is that, the dual boundary fluid is conformally anomalous, 
and the anomaly is related to the temperature of the black hole. This might be a potential 
useful feature of our solution in describing physical situations where conformal symmetry 
is broken. 

Furthermore, we study the holographic conformal anomaly characterized by the c 
function and the stability of the degenerate aAdS solution as a special case of our 5D 
black hole solution. We check that the degenerate solution does not violate the c theorem. 
The dual RG flow of the holographic conformal anomaly owns the monotonicity and this 
situation is a special case of [45]. Following [45] [55], we list the formalism for the bosonic 
functional energy and the Witten-Nester energy in conformal coordinates. We check that 
the degenerate aAdS solution is a BPS domain wall solution. 

For future studies, it is valuable and feasible to use the potential reconstruction ap- 
proach to reconstruct the gravity solutions revelent for phenomenology. For example, to 
describe more realistic case, one can impose constraints on the metric from experimental 
data and use the method to reconstruct the gravity system corresponding to the metric. 
It is an efficient way to link the gravity and phenomena in field theory directly. It will 
apply to various fields, such as: AdS/QCD, AdS/CMT, fluid/gravity dualtiy and so forth. 
It opens a new window to test the gauge/gravity duality. 
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